ABSTRACT Composites with nonlinear conductivity have been applied to modify the direct current (dc) electrical field distribution and accelerate the space charge dissipation in polymeric insulation. This paper focuses on the effect of nonlinear conductivity on the charge transport under an impulse superimposed on a dc voltage. The surface charge accumulation and dissipation properties of the zinc oxide (ZnO)/silicone rubber (SiR) composites under an impulse superimposed on a dc voltage are investigated by a 2-D surface potential decay test. The results prove that the homopolar impulse superimposed on the dc voltage intensifies the surface charge accumulation, leading to an increase in both the surface charge and area. Under a heteropolar impulse superimposed on a dc voltage, neutralization occurs first, and then, the heterocharges accumulate on the surface. The vertical charge transport to the ground and the horizontal movement on the surface are the two factors concerning the surface charge dissipation. The larger surface charge caused by a higher impulse voltage leads to an increase in the nonlinear conductivity, which accelerates the dissipation of the surface charge, and this effect becomes more obvious in composites with higher ZnO content. However, there is a special case, in which the positive surface charge dissipates slower in 15-wt% ZnO/SiR composites than in the undoped sample. It is deduced that the positive charges are more difficult to transport in the ZnO/SiR composites than the negative charges due to the charge transport mechanism of the n-type ZnO semiconductors with a back-to-back Schottky barrier of the grain boundary.
I. INTRODUCTION
Nonlinear conductive composites have been used in applications in electrical engineering for decades, in particular, for controlling the electric field distribution in DC or high voltage (HV) DC power equipment, including HVDC cable terminals and bushings [1] - [3] . The application of insulating materials with nonlinear conductivity has also been become a research hotspot in the area of high-power insulated gate bipolar transistor (IGBT) devices in recent years [4] , [5] . Nonlinear conductive insulating materials have generally been achieved by dispersing semiconductive or conductive fillers, for example, microscale zinc oxide (ZnO) and silicon carbide (SiC), into polymeric insulating materials [6] - [8] . As the electric field is above the switching field, the composites begin to exhibit a nonlinear increase in the conductivity with the electric field. The microfillers act as many distributed microvaristors and alter the local conductivity under a nonuniformly distributed steady-state electric field, thus resulting in a modification of the electric field distribution [7] - [9] . In addition, recent studies also reported their prominent ability to accelerate the surface charge dissipation as the field exceeds their switching field [10] , [11] . A novel design of an HVDC spacer based on the concept of nonlinear conductive materials was proposed by C. Y. Li to adaptively control the surface charges distribution on insulating materials [12] - [14] .
A transient overvoltage is a key issue for the insulation failure in electrical equipment [15] . It is unavoidable for an HVDC transmission system to experience a transient overvoltage caused by switching and lightning [16] . Previous studies proved that the impulse voltage leads to an obvious accumulation on the surface of the insulation, as the partial discharge or corona discharge occurs in air [17] - [20] . Recent research also showed that an impulse superimposed on a DC voltage could affect the surface charge accumulation and further influence the flashover characteristics of insulation [21] . The use of nonlinear conductive composites is considered to be an effective way to suppress the surface charge accumulation. However, the surface charge accumulation and dissipation behavior of nonlinear conductive composites under such a superimposed voltage have not been researched. In addition, it is significant to clarify how nonlinear conductivity affects the surface charge accumulation and dissipation under an impulse superimposed on a DC voltage.
This paper focuses on the surface charge accumulation and dissipation behavior of nonlinear conductive insulation under an impulse superimposed on a DC voltage. The materials are achieved by doping ZnO microvaristors into a silicone rubber (SiR) matrix. Different contents of ZnO provide various nonlinear conductivities for comparison. The 2-D surface charge distribution is investigated by a surface potential decay (SPD) test. The effect of the polarity and amplitude of the impulse voltage on the surface charge accumulation are analyzed. More importantly, the effect of the ZnO filler content on the surface charge transport characteristics of ZnO/SiR composites are discussed.
II. EXPERIMENTAL ARRANGEMENT A. SAMPLE PREPARATION
The ZnO/SiR composites in this paper consist of polydimethyl-siloxane (PDMS) as the raw material of the polymer, silica as the reinforcing agent, microscale sintered ZnO fillers and a vulcanizing agent. The addition of silica with a content of 20 phr can improve the electrical and mechanical properties of the SiR. Simultaneously, hexamethyldisilazane, which aims to modify the surface of silica, is doped along with the silica particles to ensure a uniform blend. ZnO particles, which have been washed by alcohol and dried for 12 h, are then doped in the matrix with filler contents of 0, 15, 30 and 50 wt% by a twin-roll mixer at room temperature (RT). Finally, the mixture is vulcanized in a stainless mold at 160 • C under 15 Mpa for 15 min. Figure 1 show scanning electron microscopy (SEM) images of cross-sections of the ZnO/SiR composites. The doped ZnO microsphere has a diameter of ∼40 µm. The grain boundaries can be observed in the ZnO microfiller, and the grain size is in the range of 7-15 µm.
B. DC CONDUCTIVITY MEASUREMENT
The DC conductivities in this study are measured by a threeelectrode system in an oven with a temperature of 30 • C and a relative humidity of 25-30%. For each test, the quasi-steady conductive current (I ) is measured by a picoammeter (Keithley 6514) after the voltage is applied for 30 min [22] . The conductivity is calculated as follows
where V is the voltage, L is the sample thickness, d is the diameter of the measuring electrode, and g is the gap between the measuring electrode and guard electrode.
C. SURFACE POTENTIAL DECAY TEST
The surface potential decay (SPD) test system consists of an arrangement for a charge corona and surface potential measurement. The schematic diagram of the 2-D surface potential measurement system is shown in Figure 2a . The test temperature is set to 30 • C, and the relative humidity is set at 30%. In this study, an impulse source with an alternating impulse polarity is used to obtain a 1.2/50 µs lightning impulse with a maximum amplitude of 20 kV. A coupling unit is employed to superimpose the impulse on a DC voltage. During the charge corona test, the DC voltage (V DC ) is set as −3 kV. After 5 min, the lightning impulse is applied, and the peak amplitude of the impulse voltage (V I ) is set as −10, −5, +10 and +15 kV. The number of impulses for each voltage is 10. Subsequently, the samples are moved instantly below a Kelvin probe, which is connected to an electrostatic voltmeter (TREK P0865). The probe holder is a computer-controlled 2-D moveable holder driven by two motors, which could scan the sample surface within 12 s. The surface potential distribution and decay behavior of each sample are monitored and recorded by a computer.
D. SURFACE CHARGE DISTRIBUTION DERIVED FROM SURFACE POTENTIAL DISTRIBUTION
The surface charge distribution of the composite can be obtained by the inversion calculation of the surface potential distribution [23] . The inversion algorithm is presented in the appendix [23] . Figure 2b shows a typical distribution of surface charge density on the sample. A two-dimensional color drawing with a defined color bar presents both the polarity and amount of space charge accumulated on the sample surface with dimensions of 5 × 5 mm 2 . The total surface charge Q(t) at a depolarization time of t is defined as
where q(t) is the charge density at a certain location of the specimen, and S is the area of the sample surface.
To present the distribution of the surface charge density, a mountain-like profile of the surface charge density of the centerline of the sample is plotted as shown in the top right corner of Figure 2b . In addition, the color picture in Figure 2b can be converted to a black and white picture. Where the charge density is above 50 pC/mm 2 , the area is covered by black; otherwise, it is white, as shown in Figure 2c . The proportion of the black area to the total area is defined as P SC , which can further evaluate the distribution of the surface charge. 
III. RESULTS AND DISCUSSION

A. NONLINEAR CONDUCTIVITY
The field-dependent conductivities of the ZnO/SiR composites at 30 • C are shown in Figure 3 . For the undoped SiR sample, the conductivity increases slowly with the electric field. Under a lower field, the conductivity is governed by carrier-hopping conduction. The number of carriers increases with the field since a high field provides higher energy for the carriers to hop. Hence, the current is proportional to the electric field following Ohm's law. However, the conductivity increases with a higher rate when the field is above 10 kV/mm. This is believed to be caused by a space-chargelimited current (SCLC) [24] , [25] .
For the ZnO/SiR composites, the conductivities are all higher than the conductivity of undoped SiR and increase nonlinearly when the field exceeds the inflection points. The inflection points for each group of ZnO/SiR composites are defined as the threshold field. With the increase of the ZnO content from 0 to 50 wt%, the threshold field decrease from 7.78 to 3.89 kV/mm. In the nonlinear conductivity region, the relationship between DC conductivity (σ ) and electric field (E) follows the following equation [26] 
where β stands for the nonlinear conductivity coefficient, and lg α is the virtual intercept of the function on the conductivity axis. It can be observed that compared with the undoped SiR, the ZnO/SiR composites have a lower threshold field and higher nonlinear coefficient. Especially for the composites with 30 and 50 wt% ZnO fillers, the nonlinear coefficient is greater than 2.5, indicating a significant enhancement of the nonlinear conductivity. The nonlinear increase in the conductivity with the electric field is caused by the following reasons. When a lower field is applied, a large number of electrons in excited states perform disordered thermal movement within the ZnO fillers. The majority of these electrons are blocked by the interfacial barrier between the ZnO and SiR matrix. With an increase in the electric field, the electrons from the n-type semiconductor ZnO fillers transport through the inclined barrier between the ZnO and SiR matrix and transport to the neighboring filler by a trapping and detrapping process. On a macrolevel, a large number of electrons undergo directional migration through the percolation network consisting of the ZnO filler and SiR matrix when the stress exceeds a certain threshold field, resulting in a nonlinear increase in the DC conductivity.
When the filler content increases from 15 to 50 wt%, the distance between adjacent SiC particles decreases, and more percolation paths are formed in the bulk, leading to a decrease of the threshold field and an enhancement of the nonlinear conductivity. The nonlinear conductivity would have a significant effect on the charge transport process, especially as the electric field exceeds the threshold field.
B. SURFACE CHARGE ACCUMULATION UNDER IMPULSE SUPERIMPOSED ON DC VOLTAGE
The surface charge accumulation on the ZnO/SiR composites with different filler contents, immediately after the corona charging of the superimposing voltage, are shown in Figure 4 . When only a DC voltage of −3 kV is applied for 5 min, small quantities of negative charges are deposited in the center of samples, which form a basin-shaped profile of surface charge density as shown in Figure 4 . There is no significant difference in the surface charge density profile of each group of ZnO/SiR composites under the DC voltage of −3 kV.
The application of lightning impulses can result in the accumulation of a large amount of surface charge on the undoped SiR samples, as shown in Figure 4a . It can be observed that the polarity of the surface charges accumulated on the center of the SiR surface is dependent on the polarity of the lightning impulses. Additionally, with an increase in the peak amplitude of the impulses, both the largest surface charge density and the total charge increase markedly. To further evaluate the accumulation behavior of the surface charge on the composites, the total surface charge and the P SC of the undoped SiR sample under an impulse superimposed on a DC voltage are calculated and presented in Figure 5 . It is presented that there is an obvious consistency between the total surface charge and P SC varying with the voltage type.
As the polarity of the impulses is same as that of the DC voltage, the surface charges of the undoped SiR samples under 0, −5 and −10 kV impulses are 10.73, 35.48 and 59.22 nC, respectively. The values of P SC of the undoped sample under 0, −5 and −10 kV impulses are 0%, 4.15% and 12.27%, respectively. It is indicated that both the total surface charge and P SC increase with an increase in the peak amplitude of the homopolar impulse. Figure 6 illustrates a schematic diagram of the effect of the impulse superimposed on a DC voltage on the surface charge accumulation. As a DC voltage of −3 kV is applied, a corona discharge occurs near the needle electrode, and negative charges migrate and deposit on the sample center, as shown in Figure 6a . As the (-) homopolar impulses are superimposed, the corona charging of the homocharge is accelerated, leading to a more intense injection of surface charge. On one hand, the injected homocharges are captured by the carrier trap sites in the center of the sample, resulting in a larger surface charge as shown in Figure 5 . On the other hand, the injected homocharges repulse the trapped charges and free charges and accelerate surface and bulk conduction (see Figure 6b) , which lead to an increase in P SC , as shown in Figure 5 . As impulses of positive polarity are superimposed, the polarity of the surface charge becomes positive. When the peak amplitude impulse voltage is +10 and +15 kV, the surface charge is 49.81 and 55.16 nC, and P SC is 11.87% and 12.52%, respectively. Under a positive impulse superimposed on a negative DC voltage, positive charges (positive ions) form in the vicinity of the needle electrode. The ions of positive charges migrate forward to the sample surface under the coulomb force, and then the positive charges are transferred from the ions to the hole carriers through the electron transfer process as the positive ions arrive at the sample surface. As shown in Figure 6c -1, the recombination between positive and negative charges occurs at some trap sites of the sample surface. With a further injection of positive charges (holes), many more charges are captured by trap sites and accumulate on the sample surface, as shown in Figure 6c -2. Meanwhile, the further injection of positive charges during the next discharge cycle creates repulsion between the original homocharges on the sample, thus accelerating the bulk conduction and the surface conduction along the sample surface following the hopping conduction model.
C. EFFECT OF ZNO CONTENT ON SURFACE CHARGE ACCUMULATION OF ZNO/SIR COMPOSITES UNDER IMPULSE SUPERIMPOSED ON DC VOLTAGE
As shown in Figure 4 , the ZnO content also has a significant effect on the surface charge distribution of the ZnO/SiR composites. Meanwhile, this effect also varies with the polarity of the impulse. To further quantificationally evaluate the effect of the ZnO content on the surface charge accumulation behavior, the total surface charge and the P SC of the ZnO/SiR composites under an impulse superimposed on a DC voltage are calculated and presented in Figure 7 .
When a negative impulse superimposed on a negative DC voltage is applied, both the surface charge and P SC decrease significantly with the filler content from 0 to 50 wt%, as shown in Figures 7a and 7b . The effect of nonlinear conductivity on the negative charge accumulation process is discussed in the following. As the negative impulses are applied, the electrons accumulated on the sample surface will induce an electric field, which can be decomposed into a vertical component and a horizontal component; the vertical samples leads to bulk conduction, and the horizontal component leads to surface conduction. Due to the thin thickness of the samples, the vertical component of the induced field is much higher than the horizontal component in the center of the samples, resulting in a dominant role of the vertical component. As the vertical component is high enough to exceed the threshold field of the nonlinear conductivity, a sharp increase in the conductivity will enhance the transport and dissipation of surface charges through the sample bulk to the ground. The higher the nonlinear conductivity is, the faster the charge dissipation. It is assumed that the same amount of charge reaches the surface of the sample during corona charging under the same voltage. Therefore, with an increase in the ZnO content, the total accumulated charge decreases, as shown in Figure 7a . Meanwhile, the decrease in the surface charge density weakens the repulsive effect of the homocharges, leading to a decrease in P SC .
However, as a positive impulse is superimposed on a negative DC voltage, the surface charge and PSC increase with the ZnO content from 0 to 15 wt% and then decrease with the filler content from 30 to 50 wt%. There appears to be an obvious ''polarity effect'' in the surface charge accumulation of the 15 wt% ZnO/SiR composites, which may be ascribed to the n-type semiconductor ZnO fillers with dominant carriers of electrons. Under a negative impulse superimposed on a DC voltage, the negative surface charges (electrons) transport through the bulk, which is accelerated by the semiconductive ZnO fillers. However, when a positive impulse is superimposed on a DC voltage, ions with a positive charge accumulate on the sample surface, which then dissipate through the transport of hole carriers. According to the results shown in Figure 7 , the addition of 15 wt% ZnO fillers can only accelerate electron transport as opposed to hole transport. Meanwhile, it is speculated that the microinterfaces between the ZnO fillers and SiR matrix introduce some trap sites or holes, which may capture more positive charges in the center of the sample surface, thus leading to an increase in the charge and PSC. When the ZnO content exceeds 30 wt%, the markedly enhanced nonlinear conductivity can suppress the accumulation of the positive charges, as shown in Figure 7 . The ''polarity effect'' of ZnO is further discussed in the following section.
D. EFFECT OF ZNO CONTENT ON SURFACE CHARGE DISSIPATION OF ZNO/SIR COMPOSITES UNDER IMPULSE SUPERIMPOSED ON DC VOLTAGE
It has been indicated in section 3.2 that the high surface charge caused by repetitive impulses leads to an accelerated charge transport that suppresses surface charge accumulation, and this effect becomes more obvious in higher ZnO content samples with enhanced nonlinear conductivity. To further analyze the effect of nonlinear conductivity on the surface charge dissipation, the surface charge density of the centerline as a function of depolarization time is calculated component between the upper and lower surfaces of the and recorded. Figures 8 and 9 present the time-dependent surface charge dissipation of the ZnO/SiR composites under a −10 kV impulse superimposed on a -3 kV DC voltage and a +15 kV impulse superimposed on a −3 kV DC voltage, respectively. The vertical axis of each drawing stands for the x direction in Figure 2b , and the horizontal axis is time.
It can be observed that the ZnO/SiR composites with a filler content of 30 and 50 wt% can obviously accelerate the surface charge dissipation, regardless of the polarity of the surface charge. During the depolarization process of the samples, the maximum surface charge density at the middle of the sample (x = 2.5 cm) decreases with time. In addition, the dark-hued region in Figures 8 and 9 , denoting the high surface charge density, is gradually narrowed, which suggests a decrease in P SC . More importantly, there appears to be horizontal transport of 'charge packages' as time elapses, which is more obvious in the ZnO/SiR composites with a filler content of 30 and 50 wt%. It is considered that the paths for surface charge dissipation include bulk conduction (vertical component) and surface conduction (horizontal component) under the electric field induced by the accumulated charges. For the undoped SiR sample, both bulk conduction and surface conduction result from the continuous trapping and detrapping process, which is associated with the trap sites located in the forbidden band of the SiR. The ZnO fillers distributed in the SiR matrix act as microvaristors that form local paths for charge transport under the induced field. At the macroscopic level, the addition of ZnO fillers can accelerate the charge transport automatically, and the higher content leads to an enhanced nonlinear conductivity as well as a lower surface charge density, as shown in Figures 8 and 9 .
The ''polarity effect'' of the surface charge dissipation of the 15 wt% ZnO/SiR composites can also be found in Figures 8b and 9b . The positive charge in the 15 wt% ZnO/SiR composites dissipates much slower than that in the undoped sample. To further discuss this ''polarity effect,'' the charge transport characteristics of n-type ZnO semiconductors should be discussed. The ZnO fillers consist of crystalline grains and grain boundaries between the grains, as shown in Figure 1 . Charge transport in the ZnO fillers is mainly dominated by the grain boundaries, which have a back-toback Schottky barrier as shown in Figure 10a [27] . In the grain boundary, a large number of electrons are captured by the trap sites, forming a negative interface layer as well as a pair of depletion layers containing positive space charge. In addition, there are also traps that are not filled with electrons in the interface area. When the Schottky barrier of the grain boundary of ZnO is in a state of equilibrium, the depletion layers have the same width, i.e., X L0 = X R0 . In addition, the heights of the left and right Schottky barriers are equal. As an electric field (from right to left) is applied at the grain boundary, the height of the left barrier decreases and the height of the right barrier increases. As shown in Figure 10b , the electrons pass through the left barrier and fill the trap sites in the interface layer. Once the electron traps are completely filled, the negative charge will accumulate in the interface layer. It becomes easier for these electrons to cross to the right grain. This is a microscopic model of the transport of electrons through the back-to-back Schottky barrier of the grain boundary. In the macroscopic view, the electrons transport in a ZnO microvaristor under the effect of the electric field. Now, we return to the issue of charge transport in the ZnO/SiR composites. When the negative charges (electrons) accumulate at the sample surface, the electron transport in the SiR matrix follows the hopping conduction model. More importantly, the electron transport in the ZnO microvaristors occurs as discussed above under the surface-chargeinduced field. Therefore, with an increase in the ZnO content, the transport of electrons is accelerated, as shown in Figure 8 . When the polarity of the impulse is positive, positive charges (positive ions) form in the vicinity of the needle electrode. The positive charges are transferred from the ions to the hole carriers through the electron transfer process as the positive ions arrive at the sample surface. It is believed that the transport of holes following the hopping conduction model plays a dominant role during the surface charge dissipation. As shown in Figures 9b, the holes in the 15 wt% ZnO/SiR composites dissipate slower than that in the undoped sample. The hole transport in the SiR matrix also follows the hopping conduction model. However, the hole transport in the ZnO microvaristors can only be attributed to minority carriers. If the hole transport in the ZnO fillers is considered as a reverse extraction process of the electron, the electron traps located in the interface layer of the grain boundary may inhibit the charge transport. That is, a small amount of ZnO may not play a marked role in the transport of holes. As shown in Figures 7 and 9 , the positive charge in the 15 wt% ZnO/SiR composites dissipates slower than in the undoped sample. It is speculated that the addition of ZnO forms some interface regions between the ZnO fillers and SiR matrix, which introduce trap sites for carriers and suppress the charge dissipation in the composites.
As presented above, the impulse superimposed on DC voltage will aggravate the corona charging in the vicinity of HV electrode and lead to mass accumulation of the surface charge on the SiR sample. The nonlinear conductivity introduced by the ZnO filler could accelerate the charge dissipation through the vertical charge transport to the ground and the horizontal movement on the surface, thus suppressing the surface charge accumulation. More importantly, ZnO fillers could play a more important role in the electrons dissipation than the hole dissipation.
IV. CONCLUSIONS
ZnO/SiR composites with filler contents of 0, 15, 30, 50 wt% are prepared and the surface charge dynamic behavior of the samples under an impulse superimposed on a DC voltage are discussed. The conclusions are listed below.
1. The homopolar impulse intensifies the surface charge accumulation, leading to an increase in both the surface charge and area. Under a heteropolar impulse superimposed on a DC voltage, neutralization occurs first and then charges with the same polarity as the impulse accumulates on the surface.
2. With an increase in the impulse voltage, both the surface charge and area increase significantly. The larger surface charge caused by the impulse leads to a high nonlinear conductivity, which accelerates the dissipation of the surface charge, and this effect becomes more obvious in composites with a higher ZnO content.
3. The vertical charge transport to the ground and the horizontal movement on the surface are two factors concerning the surface charge dissipation. For the ZnO/SiR composites, the horizontal transport of 'charge packages' is observed.
4. There is a special case in which the positive surface charge dissipates slower in the 15 wt% ZnO/SiR composites than in the undoped sample. It is deduced that negative charges are easier to dissipate in ZnO/SiR composites than positive charges due to the charge transport mechanism of n-type ZnO semiconductors with a back-to-back Schottky barrier of the grain boundary.
APPENDIX
In this study, the sample surface with a dimension of 50×50 mm 2 was equally divided into n × n regions, as shown in Figure 11 . It was assumed that when the n is large enough, each divided square with a side length of (50/n) mm has a surface charge density of σ ( x,y ), which consists of the free charge density and the polarization charge density.
where σ f (x,y) and σ p(x,y) are the density of the free surface charge and polarization charge, respectively. For any divided region on the specimen film, its surface potential is formed by the surface charge in each divided square with an average charge density of σ (x,y) , which can be expressed as,
where ε 0 is the permittivity of vacuum, and r is the distance between the center of the region (x, y) and that of each divided square.
Numbering the divided squares from 1 to m, where m is equal to n × n., then the surface potential of each divided square can be expressed by the surface charge density.
where P ij is the contribution coefficient of σ j to i . The matrix P is a correlation matrix between the matrix of the surface potential and the surface charge density. If we can calculate the inverse of matrix P, we can obtain the surface charge density of the sample by using the measured surface potential.
(1) When i = j, P ij can be expressed as,
(2) When i = j, P ii denotes the surface potential in the region i, which is induced by an average surface charge of 1 C/m 3 . r ii cannot be equal to zero; therefore P ii cannot be calculated by equation (4) . In this case, the square with a side length of (50/n) mm is simplified as a circle with a radius of (50/n) mm. VOLUME 7, 2019 For a circle with an average charge density of σ i , the potential of a point with a height z above the center of the circle can be expressed as
where R i is the radius of the circle. In the limit that z infinitely approaches zero, the above equation is equal to the potential at the center of the circle.
Then,
Therefore, the elements in the matrix P can be expressed as,
Based on the boundary condition of the electric field, the free charge density on the sample surface of the region i can be calculated by the following.
where σ f (i) is the average free charge density in the region i. D i2 and D i1 indicate the electrical displacement vector on either side of the dielectric interface. n i is a unit normal vector pointing from the dielectrics to the gas.ε 2 and ε 1 are the relative permittivity of the gas and dielectrics, respectively. E i2 and E i1 indicate the electric field vector, which is a function of σ j (j = 1 ∼m).
Therefore, the free charge density in the region i can be expressed as,    σ f (1) . . . (2) When i = j, the modulus of r ii is equal to zero. In this case, Q ii cannot be calculated by equation (12) . Additionally, using the method of equation (6) , the region i is replaced by a circle with an average charge density of σ i . The electric field of a point with a height z above the center of the circle can be expressed as
In the limit that z infinitely approaches zero, the above equation is equal to the potential at the center of the circle. 
